Abstract: Ultrashort pulses are severely distorted even by low dispersive media. While the 10 mathematical analysis of dispersion is well known, the technical literature focuses on pulses, which 11 keep their shape: Gaussian and Airy pulses. However, the cases where the shape of the pulse is 12 unaffected by dispersion is the exception rather than the norm. It is the object of this chapter to 13 present a variety of pulses profiles, which have analytical expressions but can simulate real-physical 14 pulses with greater accuracy. In particular, the dynamics of smooth rectangular pulses, physical
Introduction

25
Ultrashort pulses are ubiquitous in numerous applications: In bio-and medical-imaging (see, for example,
26
[1-3]), optical communications (see, for example, [4, 5] ), microscopy (see, for example, [6, 7) ], etc.
27
One of the clear shortcomings of short pulses is the consequences of their wide spectrum. When the 28 spectrum is spectrally wide, the absorption variations within the spectrum increases. However, even if the 29 absorption is approximately homogenous within the pulse spectral range, the refraction index is wavelength 30 dependent and therefore the pulse experiences dispersion effects.
31
Dispersion occurs whenever each one of the pulse's spectral components propagates with a different 32 velocity. Consequently, the pulse experiences shape distortions. The temporally shorter the pulse, the larger are 33 the distortions. Moreover, while the dispersion effects are proportional to the medium's length, it is inversely 34 proportional to the square of the pulse's temporal width; therefore, ultra-short pulses are prone to be affected by 35 dispersion even in relatively short media [8] [9] [10] . 
103
Fundamental Dispersion Theorems
104
To analyze the dispersion dynamics of the different pulses, we need some analytical tools, which will be 105 formulated as the following theorems. be an initial pulse whose dispersive dynamics is known, i.e., at the end of the dispersive medium its 108 profile is also given ( ) z t A , . Then, if the initial pulse is boosted by shifting the pulse's spectrum, i.e., by 
124
Again, this theorem can be generalized to the case where the initial profile is multiplied by a generic Gaussian. 
150
Sample Application: The pulses that many mode locked lasers emit can be simulated by Gaussian pulses (see 151 [14] 
158 then using relation (6) , the final profile is 159 ( ) ( ) 
Chirped Gaussian
171
When the initial pulse is chirped, i.e., the pulse's phase has an additional quadratic dependence on time, i.e.,
172
( ) 
Singular Pulses
182
Before going into the propagation of profiles, which can simulate real pulses, it is instructive to investigate a 183 family of pulses with singularity points. The singularity points are points, in which either the pulse's amplitude 184 or its derivatives are discontinuous. Despite their singularities, these pulses can simulate pulses, which have 185 sharp boundaries. Moreover, it will be shown that these generalized, i.e., singular, pulses can be modified very 186 simply into smooth ones, and therefore can be implemented in real, physical scenarios.
188
The Step Function
189
The step function response of a dispersive medium is related to the complex error function.
190
Let the initial pulse's profile be a step function, i.e.,
192
where ( )
is the Heaviside step-function, then, the pulse at the end of the medium is
194 
198
Similarly, using (6) the initial boosted step function pulse 199 ( ) ( ) ( )
200
will propagates to read 201 ( ) 
214
Eq.(25) has two singular points ( θ ± = 5 . 0 t ), in which the pulse's amplitude is discontinuous.
215
The dynamics of this rectangular pulse can be formulated analytically 216 ( )
217
In Fig.6 the real and imaginary components of (27) 
232
This case is equivalent to the well-known quantum problem of a particle in a 1D box, when initially the 233 particle's probability density is uniform over the box [21] .
234
In this case the problem's dynamics can be formulated [using (27) 
250
Therefore, using (10) and (24), the pulse profile after a distance z is 251 
252
Besides the widening of the pulse's boundaries, the boundaries also moves at a constant "velocity", i.e., the two 253 boundaries obey the following relationship 254 ( )
Clearly, when q is positive, the two boundaries collide at a distance
257 which is independent of the pulse's width θ . In 
then the minimum width occurs exactly at the distance f z . In Fig. 9 the temporal dynamics of this pulse is presented, and the point f z is clearly shown. Clearly, a smoother, i.e., more realistic, pulse will not converge 268 to an infinitely temporally narrow pulse, but instead will converge to a finite temporal width. 
277
In Fig.10 the dynamics of the exponential-step function pulse is plotted.
279
A spatiotemporal presentation of the pulse's intensity is presented in Fig.11 . This pulse can simulate a pulse 280 where its rise time is considerably shorter than its decay time. In both figures θ = / 1 a . 
292
It should be stressed that in terms of the pulse's intensity, the derivative is continuous as well. Therefore, this is 293 an important pulse, because for many practical purposes, it mimics a continuous pulse, but at the same time, it is 294 (initially) temporally bounded.
295
In this case, if the initial pulse is
which can be rewritten as
299 then, using (24) the pulse profile at the medium's end is 300 ( ) 
Square Cosine Pulse
311
A smoother pulse profile is the square cosine one. In this case, the discontinuity occurs in the second derivative 312
level, but the function itself and its derivative are both continuous. Therefore, this pulse can simulate pulses, 313 which were generated by discontinuous dielectric media. Let
315 be the signal's profile at one end of the medium, then, since it can be rewritten as
317
Its dynamics can be derived, again using (24), to yield the result 318 319 ( ) A comparison between (27) , (39) and (42) is presented in Fig.15 
339
Generalization to any power of the bounded cosine pulse, i.e.
340
( ) ( )
341 which can be written as
343
and since the brackets can be expanded 344
then, using (24) the pulse's profile at the end of the medium is ( ) 
359 which consist of three singular and discontinuous pulses; however, the combined pulse and its derivative are 
397
Equivalently, a step function signal that passes through a Gaussian low-pass filter, whose spectral FWHM is δ 398 will have the following form [11] 399
400
Therefore, the relation between the transition time scale Δ and the spectral FWHM δ is 401
402
Moreover, and this is the reason that (54) is very useful in replacing step functions, the smooth step (54) can be 403 written as a convolution between the step function and a Gaussian, i.e.
404
410
Therefore, every step function from the previous section can be replaced with the smooth step function. In 411 particular, the boosted smooth step function 
429
In Fig. 17 this smooth rectangular pulse's profile is presented for the same values as in Fig.6 , i.e. the perfect 430 rectangular pulse. However, the difference is that in Fig.17 the pulse's boundaries are smooth instead of 431 discontinuous. As can be seen, due to the smooth transition, the oscillations, which appear in 
440
where n a are coefficient, which carry the data.
441
These pulses has two properties that make them especially suitable for stream of pulses.
442
The ξ parameter can determine the signal's protocol. The Return-to-Zero (RZ) protocol occurs for 1 < ξ ,
443
when ξ determines the duty cycle. However, when 1 = ξ then this is a perfect Non-Return-to-Zero (NRZ)
444
protocol. The second property, which is more important, emerges due to symmetry of the erfc function. Since 
476
Then, after a certain distance in the dispersive medium, the pulse's profile will be 
489 which has the following solution for any distance z :
Clearly, when 0 → Δ Eq.(75) converges to Eq.(39). In Fig.19 the amplitude profile of Eq.75 is presented. 
519
These pulses are useful in optical communications for several reasons, one of which is that they are resilient 520 against chromatic dispersion. Moreover, these pulses, like their Fourier counterpart -the rectangular pulses, are 521 orthogonal both in the time and in the frequency domains.
522
The initial Nyquist-Sinc pulse is singular in the spectral domain, i.e. its Fourier transform is
524
In the temporal regime the "sinc" profile appears
526
Since the pulse's spectrum has a simple rectangular shape, the temporal dynamics is straightforward, namely 527 ( ) ( ) 
531
In Fig.21 the amplitude profile of this pulse is presented. 
543
Thus, the singular rectangular spectrum of the Nyquist-Sinc pulse, i.e.,
545
can be replaced with its smooth counterpart 546 ( )
However, this expression can be written as a convolution is the spectral domain, i.e., 548 (
[ ]
549
and therefore the initial pulse profile can be written as a product of a sinc function and a Gaussian one, i.e., 
551
Using (12) and (80) we finally obtain 552 ( )
In Fig.23 
586
In which case the pulse dynamics can be derived with the aid of (8) 
604
In this case, the pulse at the end of the dispersive medium can be directly derived 
609
The introduction of η is responsible to the additional exponential term 
611
The problem with these pulses is, again, that they have infinite energy and cannot be normalized. Therefore,
612
only approximations of these pulses can be implemented in real experiments (see, for example, Ref.
[38]).
614
Physical Attenuation Compensating Airy pulse
615
In the previous section we have seen that a complex Airy pulse can compensate pulse attenuation. However, 616 these pulses cannot be normalized. One option to turn these pulses to a finite energy ones, and therefore 617 normalizable, is to multiply them by an exponential function, i.e., to choose the following initial pulse profile
then, following (8) and (93), the pulse after a distance z has the following form 620 ( ) ( ) Fig. 27 , it has finite energy, and therefore, unlike Eq.(94), can be implemented in real physical scenarios.
Clearly, however, the pulse will eventually decay. It will reach its maximum intensity at a z 2 / β η = , beyond 626 which it will decay to zero. Therefore, this pulse may be implemented to compensate for the medium's losses 627 when the width of the medium is a given parameter. 
639
This chapter shows that almost any pulse shape in most practical scenarios can be formulated in a pulse form, 640 whose propagation in dispersive medium has an exact analytical expression.
641
Therefore, there is no need to restrict the analysis of pulse propagation in dispersive medium to Gaussian pulses 642 or to numerical analysis. Thus, almost any shape and form of pulses can be analyzed analytically. This is the 643 main result and main conclusion of this chapter.
The experimentalist can choose from the multiple examples presented in this chapter to predict the distortions 645 that the relevant pulse would experience.
646
In particular, if the pulses were generated by a mode-locked laser then a Gaussian pulses is a good 647 approximation. However, if there is an asymmetry between the pulse's rise and fall times (as in Q-switch lasers),
648
then the experimentalist can use the smooth exponential pulses (section 6.6) to predict the pulse's distortions.
649
Similarly, in modern optical communications channels, the data signals consist of multiple pulses, which mostly 650 belong to two categories: rectangular and Nyquist pulses. Both types of pulses are presented in this chapter, 651 however, these pulses are both discontinuous: the former is discontinuous in the time domain while the latter is 652 discontinuous in the frequency domain. In practical cases the signals are always continuous (in both time and 653 frequency domains). Therefore, the experimentalist or the engineer can measure the pulse's rise time and apply 654 the smooth rectangular pulses (section 6.2) to the relevant system to predict the pulse's distortion in the fiber.
655
Similarly, Nyquist-sinc pulses with smooth spectrum (section 7.2) can be used to simulate real systems, which 656 are based on Nyquist-since pulses. The exact dispersion's distortion can be evaluated without the need for 657 approximations or for numerical analysis.
658
Moreover, this chapter demonstrates that any singular pulse can be replaced with a smooth pulse, whose 659 evolution in dispersive medium can be formulated in exact analytical form.
660
Besides the usage of this chapter as a handbook of analytical expressions for pulses' propagations in dispersive 
